Abstract-For a broad class of complete hybrid systems evolving on Riemannian manifolds and satisfying mild regularity conditions on the data we introduce a notion of multistability based on the existence of a finite number of compact, globally attractive, and weakly invariant sets. Such notion not only generalizes the standard global uniform asymptotic stability requirement, but can also be characterized in terms of equivalent asymptotic properties, existence of smooth Lyapunov functions, and intrinsic robustness to small perturbations.
I. INTRODUCTION
The literature on converse Lyapunov theorems constitutes a large body of work dating back to the contributions by Massera for time-invariant nonlinear systems with a globally asymptotically stable equilibrium [17] and Kurzweil for time-varying systems [15] . Indeed, converse Lyapunov results are often instrumental in "establishing robustness of various stability notions and have served as the starting point for many nonlinear control systems design concepts" [21] . In this spirit, Lyapunov characterizations of robust stability have been sought more recently for systems with input disturbances [16] , for differential and difference inclusions [6] , [21] , [14] , and for hybrid systems [4] .
All aforementioned contributions focus on stability of a single connected attractor, e.g. an equilibrium point, whereas dynamics of interest several applications in system biology, mechanics, and electronics, sometimes require global analysis of the so-called "multistable" systems. The term encompasses a variety of non-trivial dynamical behaviorsalmost global stability, multiple equilibria, periodicity, almost periodicity, chaos -and commonly refers to the existence of a compact invariant set which is simultaneously globally attractive and decomposable as a disjoint union of a finite number of compact invariant subsets. Typically, such set is not Lyapunov stable and, for this reason, the standard aforementioned approaches -including the so-called stability with respect to two measures [21] -fail to work in a multistable setting. However, several other approaches [10] , [18] , [19] , [1] , [7] , [2] have success in the global analysis of multistable systems.
In this work we consider complete hybrid systems evolving on Riemannian manifolds and satisfying mild regularity conditions, according to the well-known framework [13] . For this class of hybrid systems we introduce a notion of multistability corresponding to the existence of a weakly invariant set W which 1) contains all α-and ω-limit sets of the system; 2) can be decomposed into a finite number of so-called atoms, i.e. compact, weakly invariant, and globally attractive sets; 3) has a decomposition whose atoms cannot be connected via homoclinic nor heteroclinic orbits, thus do not form cycles. We show that such acyclicity of W is pivotal to the construction of smooth Lyapunov functions dissipating outside W. Furthermore, our notion of multistability not only generalizes global uniform asymptotic stability as in [4] , but also satisfies, consistently with [4] , an intrinsic robustness to appropriately small perturbations of the hybrid system itself.
Notation and standard definitions.
• d[x, y] is the Riemannian distance between x and y;
] is the open ball with centre at x ∈ O and radius
n is outer semicontinuous at x ∈ O if for all sequences x i → x and y i ∈ M (x i ), if lim i→+∞ y i = y for some y, then y ∈ M (x). The mapping is said to be outer semicontinouus if it is outer semicontinuous at each x ∈ O. A set-valued mapping M is outer semicontinuous on O if and only if gph M is relatively closed in O × R n .
II. PRELIMINARIES

A. Hybrid systems on Riemannian manifolds
Let M be an n-dimensional, connected, and complete Riemannian manifold without boundary and let g the Riemannian metric associated with M. Let F be a multivalued section of the tangent bundle T M, that is a multivalued mapping
We will then consider the hybrid system
with open state space O ⊆ M, flow set C ⊆ O, and jump set D ⊆ O, according to the framework introduced in [13] . Solutions to the hybrid system (1) are functions defined on hybrid time domains, as defined in [11] , [12] . A solution to H is called maximal if it cannot be extended, and complete if its domain is unbounded both in the forward and backward time. We denote by S(x) the set of all maximal solutions to H with initial condition at x. Throughout the paper, we assume the following regularity conditions on H. mapping 
Lemma 2: (Compactness of the reachable set) Assume (C1)-(C3) hold. Assume H is forward complete. Then, for all compact sets K and all m ≥ 0, the reachable set
Central in the development of a stability theory for dynamical systems is the notion of sequential compactness of trajectories. Here we recall the following basic result from [11, Theorem 4.4] . 
Lemma 3 (Sequential compactness of hybrid trajectories):
2 A sequence of hybrid solutions X k : dom + X k O, with k ∈ N, is said to be locally eventually bounded if for any m > 0 there exists k 0 and a compact set K such that
graphically converging to a solution of H and such limiting solution is backward complete if each X k is backward complete.
A useful observation concerning sequential compactness of hybrid trajectories in our setting is the following.
Lemma 4: Compactness of the reachable set implies that a sequence of hybrid solutions X k : dom + X k , with k ∈ N and X k ∈ S(K), with K being a compact set, is locally eventually bounded.
In the framework adopted by [13] , [4] , one typically takes into consideration the so-called regularization of H, generated by a class of appropriately small perturbations of H. For an admissible 3 perturbation radius σ, the σ-perturbation of H is denoted by H σ and defined as:
Lemma 5 (Lemma 3.1 in [4]):
If σ is an admissible perturbation radius and H satisfies the hybrid basic conditions, then so does H σ .
We will denote by S σ (x) the set of all maximal solutions to H σ with initial condition at x.
B. Limit sets and invariance
Definition 1: The ω-limit set (respectively, the α-limit set) of a solution X ∈ S(x) of H is defined as the set of all y ∈ M such that there exists an increasing (respectively, decreasing) and unbounded sequence
Definition 2 (invariance): A set S ⊂ M is said to be weakly forward (respectively, backward) invariant if, for any x ∈ S, there exists at least one complete solution
is weakly invariant if it is both weakly forward and backward invariant. Strong invariance requires the aforementioned conditions being satisfied for all solutions X ∈ S(x).
Here we recall a number of properties of ω-limit sets and similar ones will hold for α-limit sets along complete solutions of the backward hybrid system. Lemma 6 (Lemma 3.3 in [20] ): For any x ∈ O and any precompact hybrid trajectory X ∈ S(x), it holds that ω(X) is nonempty, compact, weakly invariant, and satisfies lim t+j→+∞ |X(t, j)| ω(X) = 0.
C. Decomposition
Instrumental in the proof of our main result will be the notions of decomposition and filtration ordering for a number of compact and weakly invariant sets.
Definition 3:
A decomposition for a compact and weakly invariant set Ξ is a finite family of mutually disjoint, compact, and weakly invariant sets Ξ 1 , . . . , Ξ N -referred to as the atoms of the decomposition -such that Ξ =
The basins of attraction and repulsion for a set Ξ are defined as:
Definition 5: A connecting orbit between two disjoint sets
Definition 6: Let Ξ 1 , . . . , Ξ N be a decomposition of a compact and weakly invariant set Ξ.
A filtration ordering is a numbering of the Ξ i s so that
The existence of a filtration ordering automatically rules out the existence of 1-and r-cycles, namely it rules out the existence of homoclinic trajectories and heteroclinic cycles among the atoms of Ξ. This property will turn out to be instrumental in the construction of a Lyapunov function for H.
In this paper, we focus our attention to a specific compact and weakly invariant set W which admits a given decomposition W 1 , . . . , W N as in Definition 3.
Definition 7: A compact and weakly invariant set W is said to be a W-limit set for H if
If, in addition, the given decomposition W 1 , . . . , W N admits a filtration ordering, then W is called an acyclic W-limit set. Remark 2: The term "acyclic" refers only to the requirement of not having heteroclinic and homoclinic hybrid trajectories among the atoms of the decomposition, and must not be confused with the presence of limit cycles in the atoms themselves, which is actually allowed.
Remark 3: The existence of a W-limit set automatically entails compactness of all α-and ω-limit sets of H.
III. MAIN RESULT
Let H be a complete hybrid system of the form (1) satisfying the hybrid basic conditions (C1)-(C4). Let W be a compact and weakly invariant set for H and let W 1 , . . . , W N be a family of compact, mutually disjoint, weakly invariant sets for H forming a decomposition of W (see Definition 3). Definition 8: Hybrid system H is said to be practically multistable if W is an acyclic W-limit set for H and, moreover,
If q = 0, then we say that H is multistable.
Definition 9:
Hybrid system H is said to be satisfy the limit property (LIM) with respect to W if:
Definition 10: Hybrid system H is said to be satisfy the practical global stability (pGS) property with respect to W if there exists q ≥ 0 and a class-K ∞ function μ such that: • there exist a constant c ≥ 0 and class-K ∞ functions α 1 , α 2 such that:
• there exist a constant q 1 , q 2 ≥ 0 and class-K ∞ functions α 3 , α 4 such that:
If 
Remark 5: The conjunction of properties (12) and (13) implies the following dissipation inequality in integral form:
In what follows, an admissible perturbation radius will denote any continuous σ : 
We are now ready to state our main result. 
IV. EXISTENCE OF A SMOOTH LYAPUNOV FUNCTION
This Section addresses the proof of our converse Lyapunov result, namely implication (i) ⇒ (vii) in Theorem 1.
A. Sectors
A particular construction of sectors partitioning O will be instrumental in the proof of our main converse Lyapunov results, as follows. Consider the following sets:
Lemma 7:
The following properties hold true for all n ∈ {1, . . . , N}:
(i) Closedness: A n and B n are closed; (ii) Disjointness: A n ∩ B n = ∅; (iii) Invariance: A n and O \ B n (respectively B n and O \ A n ) are strongly forward (backward) invariant;
Proof: (i) For the proof of closedness of A n , we refer the reader to [9] . Closedness of B n follows by observing that the definition of B n for H is equivalent to the definition of set A n in backward time.
(ii) Disjointness follows by acyclicity of W and closedness of A n and B n . Indeed, if x ∈ A n ∩ B n , then there would exist a solution X ∈ S(x) which satisfies lim t+j→+∞ |X(t, j)| Wm = 0 for some m > n, and lim t+j→−∞ |X(t, j)| W h = 0 for some h ≤ n, and thus h < m. However, since the decomposition of W admits a filtration ordering, W m ≺ W h implies m < h, thus yielding contradiction.
(iii) In order to prove strong forward invariance of A n , pick any x ∈ A n , any solution Y ∈ S(x), and any
Strong backward invariance of B n is proved in an similar way by considering backward time.
In order to prove that O \ B n is strongly forward invariant, recall that, for a point x to be an element of O \ B n , there must not exist a solution X ∈ S(x) such that lim t+j→+∞ |X(t, j)| m>n Wm = 0. Together with property (8) with q = 0, the latter implies that lim t+j→+∞ |X(t, j)| m≤n Wm = 0 for all X ∈ S(x). It then follows, for any x ∈ O \ B n , X ∈ S(x), and (t, j) ∈ dom + X, that each solutionX ∈ S(X(t, j)) satisfies the property lim τ +ι→+∞ |X(τ, ι)| m≤n Wm = 0. Since any solution with initial condition in X(t, j) converge to m≤n W m in forward time, it holds that X(t, j) ∈ O\B i for any x ∈ O \ B n , any X ∈ S(x), and any (t, j) ∈ dom + X. Strong backward invariance of O \ A n is proved in a similar way by considering backward time. 
B. Lyapunov function on sectors
Proposition 1: For any closed neighborhood A n of A n such that A n ⊆ O \ B n , there exists a smooth function V A : A n → R ≥0 , and two K ∞ functions α 1 , α 2 such that:
Proof: Corollary 2 in the Appendix proves that A n is uniformly locally asymptotically stable on A n . Therefore, by virtue of forward completeness and Assumption 1, we can invoke Theorem 3.2 in [4] to prove the Proposition.
Proposition 2: For any closed neighborhood B n of B n such that B n ⊆ O \ A n , there exists a smooth function V B : B n → R ≥0 , and two class-K ∞ functions α 3 , α 4 such that
Proof: By using the arguments of Appendix, B n can be proven to be uniformly locally asymptotically stable on B n along the hybrid trajectories of the backward hybrid system
Therefore, by virtue of backward completeness and Assumption 1, we can invoke Theorem 3.2 in [4] to prove the Proposition.
C. Patching the Lyapunov function
For any n ∈ {1, . . . , N}, define G n := A n ∪ B n . Proposition 3: For any n ∈ {1, . . . , N}, there exists a smooth function L n : O → [0, 1] and class-K ∞ functions α n , μ n such that:
Moreover, the following properties are satisfied: 
Moreover, function L is flat on attractors, i.e. dL(W) = 0. Proof: The proof makes use of Proposition 3 and follows along the lines of [2, Proposition 2, pp. 12-13].
V. CONCLUSIONS For a broad class of complete hybrid systems with mild regularity conditions, we have tackled the problem of defining an appropriate notion of multistability leading to the construction of smooth Lyapunov functions. Our notion corresponds to the existence of a weakly invariant, globally attractive, and compact set W for which a decomposition in smaller "atoms" can be selected in such a way that no homoclinic nor heteroclinic hybrid trajectory exists among the atoms. Global attractivity and acyclicity of W not only nicely generalize the global uniform asymptotic stability (GUAS) property arising in classical contexts of global stability analysis, but also lead to a number of equivalent asymptotic properties, existence of smooth Lyapunov functions, and additionaly shows intrinsic robustness to small perturbations of the hybrid system.
APPENDIX: UNIFORM ASYMPTOTIC STABILITY OF A i
In this Appendix, we show under the same assumptions of Theorem 1 that multistability of H implies uniform asymptotic stabiltiy of sector A n on any closed subset of O \ B n for any n ∈ {1, . . . , N}. Assume by contradiction that for some neighborhood Q of A n there exist a sequence of non-negative times {ρ k } k∈N and points {x k } k∈N satisfying x k ∈ ϕ ρ k (V k ) \ Q. By the definition of attainable set, there exist a sequence of points {y k } k∈N and solutions {Y k } k∈N satisfying y k ∈ V k , Y k ∈ S(y k ), and Y k (t k , j k ) = x k where (t k , j k ) = max {(τ, ι) ∈ dom + Y k : (τ, ι) ≤ ρ k }. It holds that either sup k∈N t k + j k < +∞ or sup k∈N t k + j k = +∞. In the first case, without loss of generality we can consider the subsequence of the ks such that lim k→+∞ t k = T and lim k→+∞ j k = J. By virtue of Definition 14, there exists (t,j) ∈ dom +Ȳ such thatt ≤ T ,
